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Abstract The evolution of the field entropy and the entanglement between the atom and the
field for the system of a single-mode vacuum field interacting with a �-type three-level atom
have been studied by using the reduced quantum entropy. The influences of the detuning
of the light field and the setting of the initial state of the atom on the field entropy and
entanglement of the system under consideration are discussed emphatically. It is showed
that the detuning of the light field and the setting of the initial state of the atom play an
important role for the evolution of the field entropy and the entanglement between the atom
and the field. The general conclusions reached are illustrated by numerical results.
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1 Introduction

The entropy of a radiation field is one of the canonical problems of statistical physics and has
attracted much attention in the past. In recent years much attention has been focused on the
properties of the entanglement between the field and the atom and in particular the entropy
of the system because of the entropy theory about the interaction of the field with the atom
presented by Phoenix and Knight (PK) and co-workers [6, 18–20]. The PK entropy theory
tells us that the entropy is a very useful and sensitive operational measure of the purity of the
quantum state. Because it automatically includes all moments of the density operator. The
time behavior of the field (atomic) entropy reflects the time behavior of the entanglement
between the atom and the field. The higher the entropy, the greater the entanglement. The
information concerning the field is inferred by measurement of atomic properties.
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On the other hand, Entanglement is one of the key properties distinguishing quantum the-
ory from classical descriptions of the word. Naturally it has become a subject of intensive
study in fundamental physics. Recently it has been identified as a central ingredient to facil-
itate possible practical applications as quantum computation [7], quantum teleportation [4]
and quantum dense coding [5]. Therefore, the study for the entropy and entanglement of the
system under consideration is very significant.

Some authors have investigated the properties of the field entropy and the entanglement
between the field and the atom in the Jaynes-Cummings model, the Tavis-Cummings model
and some other models [1, 2, 8–17, 22]. However, less attention has been paid to the proper-
ties of the field entropy and the entanglement between the atom and the field for the system
of the field interacting with a �-type three-level atom with detuning. In this paper, we will
investigate the evolution properties of the field entropy and entanglement of the system of a
single-mode vacuum field interacting with a �-type three-level atom and examine the influ-
ences of the detuning of the light field and the setting of the initial state of the atom on the
field entropy and the entanglement between the field and the atom. Some important results
are obtained.

2 The Model and its Solution

The effective Hamiltonian of the model under consideration in this paper in the rotating-
wave approximation can be written as

H = H0 + V, (1)

where

H0 = ωa+a +
∑

i=a,b,c

ωic
+
i ci (� = 1), (2)

V = g1(ac+
b cc + a+c+

c cb) + g2(ac+
a cb + a+c+

b ca), (3)

where a+ and a denote creation and annihilation operators of photons respectively, c+
i and

ci denote creation and annihilation operators of the atom at ith level respectively, ω and ωi

denote the frequency of the light field and the frequency of eigentransition of the atom at ith
level respectively and g1 and g2 denote the intensities of interaction between the field and
the atom.

For simplicity, we only consider the resonant case (ωa − ωc = 2ω) and make g1 and g2

satisfy the equation g2 = √
2g1 = g.

In the interaction picture, Hamiltonian of the system is

V I = g1(ac+
b cce

i�t + a+c+
c cbe

−i�t ) + g2(ac+
a cbe

i�t + a+c+
b cae

−i�t ), (4)

where � = ω− (ωb −ωc) = (ωa −ωb)−ω (� � ω) is detuning parameter of the light field.
We suppose that the light field is initially in a single-mode vacuum field |0〉 and the atom

is initially in a coherent superposition state of the excited state |a〉 and the ground state |c〉
|ψA(0)〉 = cos(θ/2)|a〉 + sin(θ/2)|c〉, (5)

where 0 ≤ θ ≤ π is the setting parameter of the initial state of the atom. It denotes the atomic
distribution.
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No interaction between the atom and the light field exists at the initial time t = 0, so that
the initial state vector of the system is written as

|ψAF (0)〉 = |ψA(0)〉 ⊗ |0〉 = cos(θ/2)|a,0〉 + sin(θ/2)|c,0〉. (6)

As the time goes, the evolution of the system in the interaction picture is governed by the
state vector

|ψAF (t)〉 = C4(t)|a,0〉 + C3(t)|b,1〉 + C2(t)|c,2〉 + C1(t)|c,0〉. (7)

Solving the Schrodinger equation

i
∂

∂t
|ψAF (t)〉 = V I |ψAF (t)〉, (8)

we can get

C1(t) = sin(θ/2), (9)

C2(t) = g2

	2
cos(θ/2)e−i�t (cos	t − 1), (10)

C3(t) = g

	2
cos(θ/2)[�(cos	t − 1) − i	 sin	t], (11)

C4(t) = 1

	2
cos(θ/2)ei�t [(�2 + g2) cos	t − i�	 sin	t + g2], (12)

where

	 =
√

�2 + 2g2. (13)

3 The Evolution of the Field Entropy and Entanglement of the System

Since we have assumed that the �-type three-level atom and the single-mode vacuum field
are initially in a disentangled pure state, the total entropy of the system is equal to zero.
In terms of the triangle inequality of the entropy [3]

|SA(t) − SF (t)| ≤ SAF (t) ≤ |SA(t) + SF (t)|, (14)

we can see that the reduced entropies of the two subsystems are identical, namely SA(t) =
SF (t). Hence, the field entropy can be obtained by operating the atomic entropy.

The reduced density matrix of the atom is given by

ρA(t) = T rF |ψAF (t)〉〈ψAF (t)| =
(

C∗
4C4 0 C∗

1 C4

0 C∗
3 C3 0

C∗
4C1 0 C∗

1 C1 + C∗
2C2

)
(15)

and the field entropy is given by [21]

SF (t) = SA(t) = −T rA[ρA(t) lnρA(t)] = −
3∑

j=1

λj lnλj , (16)
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where λj (j = 1,2,3) is the eigenvalue of reduced density matrix of the atom. They are
determined by the matrix elements of the reduced density matrix of the atom

λ1 = C∗
3 C3, (17)

λ2 = 1

2
[C∗

4C4 + C∗
2 C2 + C∗

1C1 + C], (18)

λ3 = 1

2
[C∗

4C4 + C∗
2 C2 + C∗

1C1 − C], (19)

where

C =
√

(C∗
4 C4)2 + (C∗

1C1 + C∗
2 C2)(C

∗
1 C1 + C∗

2C2 − 2C∗
4 C4) + 4C∗

1C1C
∗
4 C4. (20)

In (16), the field entropy SF (t) reflects the degree of the entanglement between the atom
and the field. If SF (t) takes its minimal value zero, the atom and the field are disentangled.
If SF (t) takes its nonzero value, the atom and the field are entangled.

In order to find the evolution properties of the field entropy and the entanglement between
the atom and the field for the system under consideration, different values of � and θ are
adopted to solve (16) numerically and the results are shown in Figs. 1 and 2.

Figure 1 shows the influences of the setting parameter of the initial state of the atom on
the evolution properties of the field entropy and entanglement of the system under consid-

Fig. 1 The evolution properties of the field entropy and entanglement of the system under consideration, for
� = 0, a θ = 0; b θ = π

2 ; c θ = 2π
3 ; d θ = 6π

7
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Fig. 2 The evolution properties of the field entropy and entanglement of the system under consideration, for
θ = π

2 , a � = 0.1g; b � = 0.4g; c � = 0.8g; d � = 1.5g; e � = 2g; f � = 3g

eration. From these four pictures, it is observed that the field entropy exhibits periodic os-
cillation. With the increase of θ , the maximal values of the field entropy gradually decrease.
But the evolutional period of the field entropy has not changed. The results correspond with
the fact that it happens to the maximal entanglement and disentanglement between the atom
and the field periodically and the degree of the maximal entanglement between the atom and
the field gradually decreases with the increase of θ . In other words, that the atom is initially
in the excited state |a〉 is advantageous to result in greater entanglement between the atom
and the field.

Figure 2 shows the influences of the detuning parameter of the light field on the evolution
properties of the field entropy and entanglement of the system under consideration. From
these six pictures, it is found that the field entropy exhibits periodic oscillation. When the
detuning parameter is very small, there is no change for the maximal values of the field
entropy. But there is a slight change for the evolutional period of the field entropy. Mean-
while, there appear some sub-minimal values of the field entropy. These results are found
from Figs. 2a–c. When the detuning parameter is enough large, the maximal values of the
field entropy gradually decrease with the increase of the detuning parameter. There is a ob-
vious change for the evolutional period of the field entropy. At the same time, sub-minimal
values of the field entropy disappear. These results are found from Figs. 2d–f. The above
results correspond with the fact that it happens to the maximal entanglement and disentan-
glement between the atom and the field periodically and the periods of the entanglement
and disentanglement between the atom and the field become small with the increase of the
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detuning parameter. When the detuning parameter is very small, the degree of the maximal
entanglement between the atom and the field doesn’t change. When the detuning parameter
is enough large, the degree of the maximal entanglement between the atom and the field
gradually decreases with the increase of the detuning parameter.

4 Conclusions

In this paper, we have studied the evolution properties of the field entropy and the entan-
glement between the atom and the field for the system of a single-mode vacuum field inter-
acting with a �-type three-level atom by using the reduced quantum entropy and examined
the influences of the detuning parameter of the light field and the setting parameter of the
initial state of the atom on the field entropy and entanglement of the system under consid-
eration. The results can be concluded as: the detuning parameter of the light field and the
setting parameter of the initial state of the atom have an important effect on the evolution
properties of the field entropy and the entanglement between the atom and the light. In the
whole evolutionary process, the field entropy exhibits periodic oscillation and it happens to
the maximal entanglement and disentanglement between the atom and the field periodically.
For small values of the detuning parameter, the changes of the detuning parameter hardly
affect the maximal values of the field entropy, but affect the evolutional period of the field
entropy slightly. The degree of the maximal entanglement between the atom and the field
hardly changes. While for large values of the detuning parameter, there are several obvious
changes for the maximal entropy and evolutional period of the field entropy. With the in-
crease of the detuning parameter, the maximal values of the field entropy gradually decrease
and the evolutional period of the field entropy becomes small. The degree of the maximal
entanglement between the atom and the field also starts decreasing. On the other hand, with
the setting parameter of the initial state of the atom increasing, there is an obvious decrease
for the maximal value of the field entropy and the degree of the maximal entanglement be-
tween the atom and the field. This result corresponds with the fact that the atom is initially in
the excited state is advantageous to result in greater entanglement between the atom and the
field. But these is no change for the evolutional period of the field entropy. Ultimately, we
can control the field entropy and the entanglement between the atom and the field by choos-
ing the appropriate detuning parameter and setting parameter of the initial state of the atom.
It may be very important for the experimental realization of the preparation of entangled
states.
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